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TWO NOTES ON WEIERSTRASS’S P(u). 
By W. Burnside. 
1. Forms of the addition equation. 


The addition equation for the elliptic function P(u) is 
most simply expressed in the form 


1, Plu) , Po (ul | HO crverseeeeee (i). 
1, Pœ), P(o) 
1, P(u+ v), P’ (u+v) 


To pass from this to a form rational in P (u), P (v), P(u+v) 5 
or in P (u), P (v), P(w), where 


utvt+w=0, 


the process used by Halphen (Vol 1, p. 58) may con- 
veniently be employed. 
Thus, if z=P(u), y=P(v), z = P(w), where 


utv+w=9, 
equation (i) is equivalent to stating that x, y, z are roots of 
4X*—g9 X—-9,- (aX+6)'=0, 
where a, 6 are arbitraries. 
Hence e+y+z2= ja’, 
ye+2e+ ay + tg,= hab, 


nye — t9,= W, 
and therefore 


4 (x +y +2) (eyz - 49,)= (yz + zæ + ay +49) 00. (ii), 


which is the rational form required. 
If sy? =(a — ex) (y — en) (z — ea) (A= 1, 2, 3), equation (ii) 
may be transformed by direct substitution into 


> le, Ba e) s ~2> (e, — E (e; £ eNi ae Oe = 0, 
or taking factors 


(e, = en SŁ (es = e) S:t (e, a e,) 5,=0. 
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A (u) or (v) ax (w) 


SOS a (u) o (0) a (w) 


3 


and by taking the particular case of u, v, w all small it may 
be at once veritied that the signs should all be positive: hence, 
finally, 


(ea =e) a, (u) a, (v) a, (w) + (e= 6,) o, (u) a, (v) o, (w) 
+ (e, —e,) o, (u) a, (v) o, (w) =0..... . (iil). 


It follows from this at once that there must be three 
equations of the form 


a (u) oy (w) ox (w) = A + Ben } 


where A and B are symmetric functions of u, v, and w. 
These may be obtained by using (ii) to make the right- 
hand side of 


sy" = (a — en) (y-a) (z-e) 
the square of a linear function of ey. 
Thus, using the identity 
en = 49, + 29, 
and substituting from (ii) for xyz, 
gy? x (92 + 8 + zy + 39,)" 
4(u+y+z) 
+(æ+y +z) 
_ [yz +zz+ry +łg,— 2l +y +e) a], 
4(2+y+2) 7 


-4g (ye + 2+ ay) en 


or 
or (u) on (v) ox (w) _ yetextayt+tg,—2(xtyte)er 
o (u) a (v) o (w) 2 y|% +y +2) 


This last equation shews incidentally that, when 
Ute+w=0, /{P (u)+P(v) + P(w)} is a one-valued function. 


wo (IV), 


2. On P(u) considered as a covariant of a quartie. 
In a recent memoir on Fyperelliptic functions, Prof. Klein 
asks and answers the following question : 


dz ; : ; 
If u={ —, where s’ is any quartic function of z 


(so that u is a perfectly general elliptic integral of the first 
kind), what is (a) 2 
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Ile gives the result and verifies its correctness by applying 
the addition equation for P (u). 

The following purely synthetical method of answering 
the question is perbaps not without interest. 


Let s'=a,2‘ + 4a,z’ + 6a,2* + hazta, 


The general value of u at any point on the Riemann’s 
surface defined by this equation is 


u,tmet mw’, 


where u, is a particular value, w, w the periods of the integral, 
and m, m any integers: but 


P(u,+ me + m’o’)=P(u,), 


and hence P(u) is a one-valued function on the Riemann’s 
surface, and can therefore be expressed as a rational function 
of s, Sp x and y. The only infinities of P(u) considered 
as a function of u are double ones at the points u = mo + mw’: 
but these all correspond to the same point on the Riemann’s 
surface, and hence P (u) considered as a function of æ must 
take every value twice on the surface and in particular 
must have a double infinity at the point correspondin 

to u=0. Again, since P(u) is an even function of u, aa 
since interchanging æ and y changes the sign of u, it must 
be a symmetrical function of æ and y. Finally, to complete 
the determination it is necessary to quote the first terms 


in the expansion of P (u), namely P(u) = + + terms in u`, &e. 


To w= 0 corresponds z =y and s,=s,; hence the function 
being symmetrical in x and y and having no infinity except 
a double one at this point, the most general form that can 
be assumed is 


Ass + (ay' + By + y) 8, + (ar + Barty) 8, 
+ Bey’ +O (a'y +ay?)+D (alt y+ Bay + Flat y)+ G] 


tem (@—y) 
The numerator must have a double zero for «=y and 
s,=— s„ since P(u) is finite for this point. ‘This involves 
g = B = "y = 0, 


and — As? + But 420x + (2D + E) x’ +2Fx+ G=0, 


for all values of z. 
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There results for P (u) the simpler form 


Pia LOD y, 
where 


S (2, y) = axy + 2a, (x*y+ay’)+ a, (a*+4ay +y’)+ 2a, (x+ y) ap a; 


Finally the first two terms in the expansion of P (u) 
in terms of u applied to the last form give 


A=}, A’=0. 
If the terms are all made homogeneous by writing, as 
Prof. Klein does, z,/z, and y,/y, for x and y, then 
as on 2y ; 
Sx, Siya E Ta \" on, +Y Ox, S mta 


2 (Zs F z,y,)° 
in which form it is obviously a covariant of the original 
quartic. 


P (u) = 


ON ARITHMETICAL SERIES. 
(Continued from p. 19). 
By Professor Sylvester. 
Part IL.* 
Explicit Primes. 


In this part I shall consider the asymptotic limits to the 
number of primes of certain irreducible linear forms mz +r 
comprised between a number aw and a given fractional 
multiple thereof 4x, the method of investigation being such 
that the asymptotic limits determined will be unaffectd by 
the value of r, and will be the same for all values of m which 
have the same totient. he simplest case, and the foundation 
of all that follows, is that in which k=0 and m=2: this 
will form the subject of the ensuing chapter which may be 
regarded as a supplement to Tschebyscheff’s celebrated memoir 
of 1850,f and as superseding my article thereon in Vol. 1v. of 
the Amer. Math. Journ. 


> I ought to have stated that the theorem contained in section 2 of Part I 
Originally appeared in the form of a question (No. 10951) in the Educational Times 
for April of this year. 


f Published in the St, Petersburg Transactions for 1854, 
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